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Abstract. Magnetization reversal in a perfect ferromagnetic prolate spheroid, with no surface
anisotropy, is known to start from nucleation either by coherent rotation (for small radii), or by

the magnetization curling mode (above a certain size), but the possibility of a third mode has
never been ruled out. It is rigorously proved here that there can be no third switching mode if
the aspect ratio is not larger than 500:1, and even for larger ratios it may at most exist for a
very limited size range.

1. Introduction

When a sufficiently large magnetic field is applied to a ferromagredlijgsoid, it becomes
saturated, that is all of the spins are aligned along the direction of this field. Therefore, it is
convenient to start the calculations of the hysteresis curve from this well-defined saturated
state in a large field, from which the field is then reduced. Thus, the first step of the theory
is to calculate the field at which some sort of deviation from the saturated state just starts,
and this step is known [1] as theucleation problem

In the particular case of an ellipsoid of revolution, with the magnetic field applied parallel
to its long axis, which is also an easy axis for the magnetocrystalline anisotropy, and when
there is no surface anisotropy, the nucleation problem has been reduced to three possible
eigenmodes. That is, it has beproved analytically [1] that out of the infinite number of
possible modes, nucleation can at most take place in one of these three eigenmodes. One
of them is known as the ‘coherent rotation’ mode, and another is called the ‘magnetization
curling’ mode. The third one will be referred to here as the ‘buckling mode’, for lack
of a better name, even though this name was originally used [1] to describe a certain
configuration in arinfinite cylinder only.

It has also been proved that the third, or buckling, mode is physically inaccessible for all
oblate spheroidsand for prolate spheroids whose aspect ratio is less than 4.6:1 [1], leaving
only the curling and the coherent rotation as possible reversal modes. For more elongated
prolate spheroids, the question of which mode may take place remained essentially open,
even though there were some indications [2] that the buckiray be ruled out. The
problem of what might actually happen in more elongated ellipsoids remained dormant,
but it has become more practical now, with some recent experiments [3-5] on very small,
isolated ferromagnetic particles, which are also extremely elongated.

It is the purpose of the present paper to extend the proof of the non-existence of a third
nucleation mode in a prolate spheroid to much larger aspect ratios than in [2]. The technique
used here is similar to the one in [2], and uses a very powerful tool originally invented

1 E-mail: a.aharoni @ ieee.org.
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[6, 7] by Brown. It is based on calculating a rigorolasver boundto the magnetostatic
energy, thus avoiding the highly complicated evaluation of its actual value. The present
lower bound proves that nucleation by this buckling mode is more difficult than by curling
or by coherent rotation, if the aspect ratio is less than about 500:1, which includes all prolate
spheroids that may be made in practice. Even this limit is not essential, and a method is
given here which allows a relatively easy extension to still larger aspect ratios, if it ever
becomes necessary.

2. Nucleation

Consider a homogeneous, ferromagnetic prolate spheroid, whose semi-minor Rxenis
whose aspect ratio im. Let a homogeneous magnetic fieH,, be applied parallel to the
long ellipsoidal axis, which is taken as theaxis in a system of cylindrical coordinates,
z, and¢. It is assumed that thisis also an easy axis for the (volume) anisotropy, and that
there is no surface anisotropy.

The basic definition of the nucleation process calls for applying first a field alang
which is large enough to saturate the ellipsoid in that direction. This field is slowly reduced
to zero, after which it is slowly increased alorg;, until a nucleation field,H,, is first
encountered. The important point is that only the mode which has the least nedataa
ever take place, because after reversal has already started at that field, the initial conditions
of a saturated ellipsoid do not exist any more for modes with more negative nucleation
fields.

The ¢-dependence of any mode can be expressed as the Fourier expansion of the
components of the magnetization vecti,,

Mr = M‘YAV(’% Z) Coqk(p - ¢k)

M¢ = MSA(p(r, 2) S|n(k¢ — o)
where M, is the saturation magnetization of the ferromagnetic matdries,an integer, and
¢ is a constant which depends on the valuekoflt has been shown, however [8], that

all the modes witht > 2 have more negative eigenvalues than the easiest orie=£00,
which is the curling mode. Therefore, the discussion here is limited to the case in which

1)

k=1 )
for which it is more convenient [8] to replace the functions in (1) by the linear combinations
Bi(r,z) = A, + Ay and By(r,z) = Ay — Ay. 3)

The surface of the ellipsoid is taken &s= & in the system of prolate spheroidal
coordinatesg, n, ¢, defined by

2= fé&n and r=fvE* -1 -n? (49)

where f is half the distance between the foci. In this system, the semi-minor axis of the
ellipsoid is

R=f\&—1 (4b)
and the semi-major axis ig&g, making the aspect ratio
me= 0 (4c)

JEg -1
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In the following, the semi-minor axisR, and the applied fieldH, are expressed in
terms the reduced quantiti€sand/ respectively, defined as

[2 H K1 N,
S=RM,,|— and h=—+-—F — — 5
VY oM, T M2 27 ®)

where C is the exchange constank; is the coefficient of either uniaxial or cubic
magnetocrystalline anisotropy, amd is the demagnetizing factor of the ellipsoid parallel
to thez-axis. With this notation, the anisotropy enerdy, and the energy of the interaction
with the applied field,Ey, at thestart of any deviation from the saturated state, can be
written as

4 B2 S e P PP
W(EﬁEH)—ég_l/_l [ -+ 5D s an. (6)

It should be noted that according to equation (5), this expression already contains the

contribution of the demagnetizing field in the saturated state, before nucleation. Similarly,
the exchange energy of the deviation from the saturated state can be written as

4Ee [ (2] dB1\> [0B2\° o | (9B1\?
= N - 752 1- b1
=1 {(5 )[<as) # () |ra-n | (%)

0B\*| | 4E*—n?)BE
— =1 d& dn. 7
+<3n>]+(§2—1)(1—772) 5 "

To complete the expression for the total energy, it is still necessary to add the magnetostatic
self-energy term to (6) and (7).

3. Magnetostatic energy

This energy term is much more difficult to calculate [9] than the other terms. For this
reason, it is often neglected, even though neglecting it is hardly ever justified, because in
most cases it is thiargest energy term in a ferromagnet. Here it is not neglected, but its
calculation is still avoided by underestimating it, namely replacing it with an expression
which is known to besmaller than its real value. The point is that by using a smaller
energy barrier for a certain mode, nucleation by that mode beceassr than when the
correct energy is calculated, thereby making its nucleation field more positive than it is for
the correct mode. But the only mode which has a physical meaning is the one which has
the largest (i.e. the least negative) eigenvalue. Therefore, if suotver boundfor the
nucleation field of a certain mode A is proved to be more negative than the true value of
another mode B, then the existence of mode A can be ruled out, because the true value of
its nucleation field is certainly more negative than that of mode B.

The calculation of a lower bound for the magnetostatic energy of the buckling mode is
based on a general theorem of Brown. He proved [6, 7] that the magnetostatic efigrgy,
of a magnetization distributio (r), in a ferromagnetic body or bodies, always satisfies
the inequality

Em>fM-VUdr—8i/(VU)2dr (8)
7T

where the first integral is over the ferromagnetic material, and the second one is over all
space. The equals sign in (8) is valid if and only/ifis identical to the correct magnetostatic
potential for M (r).
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In this theorem,U can be any arbitrary, continuous function of space, with the only
constraints that it is regular at infinity, and that it has continuous first derivainsde
the ferromagnetic body (or bodies). Discontinuities of the derivative outside, or on the
boundary of, the ferromagnetic material are allowed. In the present study, however, two
other constraints are imposed. One is the obvious requirement that the fubichias the
¢-dependence of the buckling mode, as implied by equations (1) and (2), hamely

U(r7 2, ¢) = V(r’ Z)COS¢_¢1) (9)

The other is that this/ is such thatv?V = 0 everywhere. In the prolate spheroidal
coordinates, this requirement is

2 52 - 772
—(5—)—+—(— )—}V:O. 10
[35 0§ E2-D(2-n? (10)

This choice, already made in [2], is a matter of convenience. It allows analytic integration
of the second term in equation (8).

Some particular solutions of equation (10) were used in [2], and a more general
expression was already given in equation (38) there. After correcting the typographic error,
that general solution for the inside of the ellipsoid can be written in the form

V= b/ E - DA -2 dl:jf) ) o < g (112)

dn

Here P, is the Legendre polynomial of orderandb, is a constant. At this stage,is just

an arbitrary integer. It will be determined later. Outside the ferromagnetic spheroid, the
regularity at infinity is obtained by using the spherical harmonics of the second &ind,
instead ofP,. Thus, the solution which passes continuously teajldt & = & is

P, (n)Q, )P, (&)
0;,(60)

where the prime denotes the derivative. It is readily seen by substitution and differentiations

that thisV satisfies the differential equation (10), as well as all of the continuity requirements

of Brown’s theorem. The only discontinuity is that 8 /d&, and only on the boundary,

& = &. It should be particularly noted that any linear combination of such solutions, with

different values of:, is also a solution, because the differential equation (10) is linear.
When all of these equations are substituted into (8), the integration¢oisenbvious.

After integrating by parts ovey andn, and using the well-known relations

- bn (52 1)(1 - 772)

for & > & (11b)

1
P,(n)P dn = Sk.n 12a
/_1 () Pi(n) dn o 1% (12a)
where$ is the Kronecker symbol, and
E* =D [P(E)Q, () — Qu(E)Py(5)] = -1 (120)
the second term of (8) can be fully expressed in a closed form. The result is
4 27 Sb, 2rn?(n + 1)? , P! (&)
— Em> Wi =—""F,(k) + b2 133
2Cp Em LB o1 (o) ot 1 0’ (o) (133)

where

1 réo
Fo= [ [ Lot wBe 4070+ 106G, mBate, ] )
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with
g€, n) = €= DA —n?) [EP,(MP)E) —nP,E)P) ()] (1)
and
Gn(&, 1) = &Py (&) Pu_1(n) — NP, () Pu_1(&). (13d)

It should be noted that the term witf in (134) is negative, because normally/ (¢) is
positive andQ’, (¢) is negative. Thereforey,, can be chosen so that it maximizes the lower
bound, in order to get the best out of the chosen arbittaryrhe result is

WLB = ch[Fn (éO)]z (l4a)
where
@n+rs? Qo)

= T w2 + D2E2 — 1) Pl(&o) (140)

4. Energy minimization

Adding thislower bound(14a) for the magnetostatic energy to the other energy terms in
(6) and (7), and then minimizing the sum for all possible functiBasand B;, leads to the
differential equations

482 — 2 S2h
[Vz G Egl)(ln—)nz) - ;2— 1€ - "2)} r=2afin@ o (19
0

and
2 7 S%h
v 2 (S — %) | B2 = 2c,n*(n + 1) F, G, (€, n) (150)
0
where the two-dimensional LapIaC|an in the coordindtemdy is
V2 7( —1)7+7(— 2)7 15¢
5 £ T n (15¢)
and whereg, and G, are defined in (1(:9 and (131) respectively. It also leads to the

boundary conditions

(). (),
9§ §=bo 9§ §=o .

Consider first the case in which, = 0, for which the differential equations (dpand
(15b) are homogeneous. In this caBe should vanish, because it has been proved [8] that
all of the non-zero solutions of the homogeneous equatiorBfonave eigenvalues which
are more negative than that of the curling mode. The solutioB,ofan be expanded in
Legendre polynomials, and the most general solution of the homogeneous case can thus be
written as

Bi=0 and  By= ) ¥i(&)P(. (16)
k=0

Substituting this solution in the homogeneous equationa)(adad (1%), and carrying out
the differentiations with respect 10}

ZPk(m [(s -1 — —k(k+1) -

—n? =0. 17
dg EoiE = we a7)
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Let this equation be multiplied by (1), for any arbitrary value ok’, and then integrated
overn, from —1 to 1. According to equation (&2, for everyk > 0,

d , d nS%h , 7S%h [ (k+1D)(k+2)
[dg(é -1 & —k(k+1) — 2 1& }wk(é) + 2-1 [(2k+3)(2k+ 5 Vit2(8)
2k% + 2k — 1 k(k — 1) B
@ D@13 Y(€) + D@3 I/Ik—z(g)] =0. (18)

If » # 0 this relation is a recursion formula, which determinesyallin terms of and
Y1, using only differentiation and no integration. These functions are also restricted by the
boundary condition

dyrk (§0)
do 0 (29)
which is obtained by substituting (16) {154 ).

Let equation (18) be multiplied by, (£), and integrated oveg from 1 to&,. The term
which contains derivatives afy is integrated by parts twice, using the boundary condition
(19) and the differential equation a?. In the term which containg?, the recurrence
relation of P, is used twice. This equation then becomes

5 dPi(50)  7S%h [*[ k-1 k+1
&5 — D v (60) G g 1/1 [2/< — 1%71(&) - M\Ifm(é)} d& (20)

where
Pry1©Vi-18)  PaE)Yisa(§ )] 21)

\I”‘@)Z(HD[ 2% — 1 2 +3

This case, however, should also be consistent with the assumptionFithat 0.
Substituting (16) in (18), the integrations oves can readily be carried out using @2 if
(134d) is first transformed by the recurrence relationRyfto

1
GulE. 1) = — s Py 1(€) Pu1 () — Poe1(€) Poa(m)] - (22)

i1l
One then obtains

O Pup1aEVYn1(E)  Pu1(E)Paia(§) o
/ [ s S ]ds—o—fl v . (23)

It should be noted that equation (20) applies to every value of the ikdexhile
equation (23) is only valid for the particular valae This n was used for the definition
of the (arbitrary) potential in section 3, but without specifying its value there. It should
also be noted that all of the equations here are linear, which implies that more than one
value of n may be used, and that expressions with different values ofay be added
together. In particular, if both a special value= v and n = v + 2 are taken together in
the definition of the potential, equation (23) applies to both of them. For the particular case
in which k = v + 1, the right-hand side of equation (20) vanishesys@,) = 0 for thisk.

But this result is not compatible with equation (19), because a solution of a second-order
differential equation cannot be zero at the same point at which its derivative is zero, unless
it is identically zero.

The conclusion is thus that there is no solution to the nucleation problem for the
homogeneous case besides the curling mode, and in looking for any other mode it must be
assumed thaf;, # 0. It must be emphasized, though, thats still an arbitrary integer.

The above proof only requires that eithe# 2 orn — 2 is also considered for every, but
it does not determine this. In the previous study [2], a combination tifree values ofn
was used, but two have just been shown to be sufficient.
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5. The lower bound

For a non-zerdF,,, it can be readily checked by substitution that

2c, F, (62 — 1) 2¢c, Fyn?(n + 1) (¢ — 1)
Bil=——F—7>F—-an and By = — G,(§,
L= T SPhEE — ) gn (&, m) 2 2 SPh(EZ — n?) &, m
(24)
is a solution of the differential equations @%and (1%). But this particular solution does
not satisfy the boundary conditions ¢154). Therefore, it is necessary to add to it a
solution of thehomogeneougquations to impose the boundary conditions. This addition

can be done by means of series expansions of the form

By =qo [g"(g LU Z AP0 E — 6 —aa (gs”z(g_(’ n’”)] (259)
and
Gn 0 Gn P
By = qon’(n + 1) [ ik +q12 SO0 E ~ & ~as o6 < %_2(50 ’7))] (250)
where
20, F (85— 1) E for oddn
0= e = { £n for evenn (250)
and
2 21 for oddn g2 — £ for odd

2= : 2 : { for even = %o o (25

° & 8 E—-& for evenn.

It obviously satisfies the boundary conditions.

If this solution is substituted in the differential equationsgfland (1%), recurrence
relations can be worked out for evaluating the coefficigiitsand £,?’ in terms ofF,,. Then
F, has to be found which is consistent with the substitution of thgsend B, into (13).
However, all of this complicated calculation can be bypassed by a method which has already
been used in [2]. In this method, equation &l% multiplied by g,(&, n)/(% — »?), and
(15b) is multiplied byn?(n +1)G, (£, n)/(£%2 —n?), then these equations are added together,
and the result is integrated ovérfrom 1 to &, and overn from —1 to 1. It is seen that
the terms which contaif?x in the differential equations add up to an expression which is
proportional toF,, according to (1B). All of the other terms are also proportional i,
when (2%) and (2%) are used to substitute fa;, and B, in this equation. The condition
F, # 0 allows a division of the equation h¥,, which is thus eliminated altogether. After
obvious integrations by parts where derivatives with respecét &md n occur, and after
substituting from (1B) and (2%), the resulting equation can be rearranged as a second-
order algebraic equation i,

h? Qak0)
NN &) + 2125 (&0) — 152 = 0 (26)
with

0,()  Qna() — Qnia(€)
Q = =" = 27
O ==& T P = Pra® @7

241 o] g\ 2| & dy
)=, /_1/1 |:(n(n+l)) 0GP | (28)
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and
2241, 50t ( gn (€0, ) )2 (nGn(so,n)>2
o) =& b %o —1[ n(n+ 1§ —n?) " 8 — 12 an.

To complete the calculation, it is still necessary to carry out the integrations in these
equations, but this part is left for the next section. It is first noted that the quadratic
equation (26) already yields the required eigenvalue, without going through the details of
the solution of the differential equations. According to this equatidioweer boundto the
buckling nucleation field is

(29)

—h®PUK = Qi (£o) {szz@o) +[2:6001 + Qo) [nszﬂl@o)]} - (30)

This lower bound has to be compared with the nucleation field for the coherent rotation,
which is [2]

—h{® =& [50 - %(Eé —Din S+ 1}

&—1

and with the one for curling, which is [8] proportional tgSP. The proportionality factor
is a rather complicated function of the aspect ratioof the ellipsoid, and for simplicity it
is approximated here by a linear function, taking

1.0791+ 0.5287/m
S2

which is a good approximation for large values mf Moreover, the curvature of the

exact function, as plotted in figure 6 of [10] or figure 1 of [11], is such that the linear

approximation in equation (32) is more negative than the exact eigenvalue, thus making

it a rigorous upper bound for the true curling mode. Therefore, no mistake is made in
comparing with a lower bound of the buckling mode.

(31)

_hgcurl) — (32)

6. Integrations

The main difficulty in carrying out the integrations in (28) and (29) is the existence of the
expression in the denominator, which does not look integrable. Therefore, the first step
used here is series expansion in Legendre polynomials, namely

g€ ) & dP, (&) dP,(n)

o _n(n+1>§ @+ DPE Pl =2 =5 — 4 (339)
and
G, (£, n—1
oG N @+ DR ) (330)
£°—n =0

where the star designhates summation over odd valugsfof is even, and summation over

even values of if n is odd. These relations were proved by mathematical induction.
When these series are substituted into (28) and (29), the integrations; ameolve

(12a), and other well-known relations, or ones which are readily derived from them. In
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particular, all of the integrations overin (28) are

dP (n) 2n trdem1?
/_ nP,(n) dn = o1 /—1|: i :| dn=nn+1) (34a)
_ 2 dPn(n)} _2n(n+1) /l dP,(m)
/_1<1 m [ AU an =SS [ ham S e =2 (34)
Using these equations in (28) and rearranging,
R DP (VP 2 [dr,®7
2(50)—/1 {n(n+ ) Prsa(6) n_l(s>+n(n+1)[ . }
dap,
- df) [Pia(®) + PH(s)]} . (35)
Hence,
n(n+1) nn?®+n+2) 5
Q(8) = EP1(8)Pra(§) — Wé[ﬂ(é)]
nn—1) EP,_1(8) — Py(§) dP,(§)
- mpn(%_)[’nfl(g) + n+ 1 d%' (36)

because the derivative of this expression is equal to the integrand of (35), and it is zero at
the lower boundg = 1. Similarly,

Q3(6) _dR® [sz +1dP¢) 2 dan(s)]
n+1(E2-1)2  d 2 d& nin+1) dg2
nPy(§) Pia ()
- [nPn<§>+ : } (37)

These expressions complete the calculation of the buckling lower bound of equation (30).
In the actual computations they have to be evaluated numerically\idrich is very nearly
1, for which the advice of [12] on how to comput@, is not practical, leading to large
errors. Instead, some transformations of the definition in [12] in terms of the hypergeometric
function lead to the more practical equation

2%k +n)! ax2 -1
Qn(x) n+l I Z 22k+1(k|)2 |: <X2 _ l) - Ak,n] < x2 > (383)

with

kHn/2] 4 kHerb/2l g

k

I=k+1 I1=k+1

where the square brackets designate the largest integer included in their argument. A similar
usage of the Gauss hypergeometric series yields

& Atk (x—-1)\
P”(x)‘;(n—kﬂ(k!ﬁ( 2 ) (39)

which is useful for computing both the Legendre polynomials and their derivatives, when
the argument is very nearly 1.
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h(rrl“ot.) _ h(buck.)
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0.1 0.15 0.2

1/m

Figure 1. The difference between the eigenvalue for nucleation by coherent rotation and the
lower bound for nucleation by the buckling mode, for the reduced semi-minorSaxisl1.0,

as a function of the aspect ratim, of a prolate spheroid. The numbers on the curves are the
values of the parameter.

7. Results

The difference thus computed between the eigenvalue for nucleation by coherent rotation,
equation (31), and the lower bound for nucleation by the buckling mode, equation (30),
is plotted in figure 1 for the particular reduced raditis= 1.0, and for various values of

the (arbitrary) integer. It is seen from the figure that this difference is positive (i.e. the
coherent rotation has a less negative eigenvalue than the lower bound for the buckling mode)
above a certain value of/#z. Such a positive value means that buckling cannot take place
in that region, and it may only exist for a smalletr, i.e. for a largein than the crossover
point. It is also clear from the figure that the crossover moves towards smaller values of
1/m with increasingr, so the region in which bucklinghay exist keeps shrinking with the

use of a larger. This behaviour is typical, and the figure is qualitatively the same for all
values ofS.

A similar behaviour is also seen in figure 2, which compares the lower bound for
nucleation by the buckling mode with the eigenvalue for nucleation by the curling mode,
for the cases = 1.02. This value ofS is slightly below the turnover from coherent rotation
to curling, and for thisS the buckling mode should still be compared with the coherent
rotation. Only for still larger values of does curling become an easier mode than the
coherent rotation, and the buckling should be compared with it. Such a comparison is
plotted in figure 3 for the case whefe= 1.1, which is well within the region in which
curling is easier than coherent rotation. It is seen from the figure that foSthiarling is
also easier than the lower bound for the buckling mode. Similar results are obtained for all
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1

F0.5

h(buck.)

(curl.)
hn

Figure 2. The difference between the eigenvalue for nucleation by curling and the lower bound
for nucleation by the buckling mode, for the reduced semi-minor &xs 1.02, as a function

of the aspect ratioy: of a prolate spheroid. The numbers on the curves are the values of the
parameter:.

values ofS above the transition, and on the whole there is no conflict between curling and
buckling. Once the curling is easier than coherent rotation, it becomes the only possible
nucleation mode. This result is different from the one in the previous study [2], in which
buckling could not be completely ruled out above the transition from coherent rotation to
curling. The reason is that the values= 2 andn = 3, used [2] in that study, turn out

to be special cases with an atypical behaviour. #or 4, however, there is a sharp and
clear-cut distance between the curves for the curling nucleation field versusl the one

for the buckling, and they do not cross each other.

The results of all the computations are summarized in figure 4. Above a certain curve,
which looks like a straight line in the small region shown, only curling is possible. Below
that curve, coherent rotation takes over, except for in a small region of a very large aspect
ratio m, in which a third mode has not been ruled out, anchéty be possible. This region
keeps shrinking steadily with increasimg but its border is shown for two cases only, in
order to avoid crowding the figure. The cases mare 8 (dotted curve) ana = 13 (full
curve). The edge of the triangle for the case in whick 13 is atm ~ 500, which proves
that there cannot be any third mode for prolate spheroids whose aspect ratio is 500:1 or
smaller.

It is possible in principle to shrink this region even further by using larger valuas of
And it is not particularly difficult to do it with the analytic expressions for all of the integrals.
The only difficulty is in handling values af which are very close to 1, which occur when
m is large; see equation€® In plotting figure 4 it was necessary to deal with= 1+1078,
and for such values it is necessary to be careful even with the simplest expressions. For
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Figure 3. As figure 2, but for a reduced radids= 1.1.
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Figure 4. The possible nucleation modes in a prolate spheroid with an aspect ratio (major to
minor axis)m, and a reduced semi-minor axiS, defined in equation (5). Only curling, or
coherent rotation, are physically possible in the regions so marked. If any third mode exists
at all, it can only be in the little quasi-triangle, around the question mark. Its border has been
computed fom = 13, but the border for the larger region obtained o 8 is also shown for
comparison, as the dotted curve.
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example£2 — 1 is evaluated to a higher accuracy if expressetas1) (& — 1), for such a
value of&. The present program could not hangle= 1+ 10° at all, and it was therefore
decided to stop at = 13. Aspect ratios larger than 500:1 are not practical anyway, and the
effort needed to extend the theory beyond that limit does not seem justified. But it should
be noted that it is not that big an effort, and that it is relatively simple to use larger values
of n, if needed.
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